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Alfio Quarteroni�*Wi�n��h:~�*
�yr{e�0;6a�'℄���W^�6'℄��,*�'gM
*naO�� 3 n���GW413`\<�*
�%L?inr5�Hh��*Wi<�;H!u
a=�<p�4IoT[S�;o�'��'<p���W^��'�q,gw��30�M
�uS"?;x
h
*=�;��k3�
*=��Y*
s�*d�)7uwv/
��*i��GE�M:~` n�=�0�[%n�
��/�> 1 ~?F
x:~
*=�ea2{
��Y~O�P��>�e 1960z�u��'?i—— |#�*6O (p���5���L?��2?�):~�/,�
��*
 —— �vhaO
Y^
*��*i��a2/
0�I=zW^�/h�
My�?
��*
�8�nn:/<Æ�gfaO�gFaO����us^�*Wi�|rY��*i�RYL<Æ�0�	E�K��1d4���u��<Æ~ypa=gC�/n�'℄�G��v��o�t-#��
�S&s�_��.!E���:�4 ha=���`}�e&�G�a=�2,
C�_�`ioI
Kg�Sb�
℄�G��*Wi

*=���<V
<0�Rx
�
{33<p�MR��
�2?i�Q?a���ta�;`0�
℄X/L�*Wi

*=��Y^
*0�[S�'℄�iw�?iG6�;0�4;��G6'℄ <Æk3�ez�
℄X
x?
M|� ��0;<pHa=�!u�gh
*�4r0�wq�

? 1 Æ+>��� (?1�PDEs= 	M�7P )

1. w�g� j}�x�n=�0�=���?ArG-��	E�o�
*=�QG:�o
K�a2�G[%�o
K�a2e/[%�
*=��n(~�,#9�
����i��'℄^"�v 1)��r�g��n4O —— "��-r5�� —— 0K5*M� h�
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Engineering, figure number 10, Alfio Quarteroni. Copyright c©2009 the American Mathematical
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1) �Z*lw�LS�e#�w�w'jw(�Hdj�_e}Z “
 �” ���*y�%\ “
 �” ����)U����H7U���#Jl�e}dU�~� (FPNY�	 n d_�4)�Æ4!�) ��b}�—— �C
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*M��g�d^�9�
�?Y�*i�$"uh-/?
��P|�!H�?YA4�/2-�2���-?Yag�u�{�bE�R,�M
��'iw�d$;:��i��0;4? ;Vk�3O��r`�G6R4fk0;i���� ;rl�3L��uhiw:GK�a2�i�Yv�Hbh8.�~ (-
�f[���~) z,�0:��3~� i��
�[���
"��i�^hs=N;��gf��G6!u�W^�Gb`�
4
�
K��y�H��W^�<R4 �C�
�<Æ�b=d$ez�
*=��?Y4;6a4y�=�A4�,* (CFD), �~?\n(R(^=�0
�
A4��a2�*
�*H�����7<Æ6a�CFDd#36v�Y^�/hY}A6O-`K�� Euler (��)6OS- Navier-

Stokes (qT – �D��) 6OS��'iw�G^h�*H0R����,*?i-0
�4�u`��> 2 
> 3 ?+
x4^`���d|t m
��6OS�'iwe^;0
(b 50)
 X29r5;0 [1]. iwLXIC�
`��n��hb=VG�0� ;�;0�`��ag����̀ �����,�u�(�X^;06a) :~O℄�T�8�(��^;06a) :~���`��G6;*��1hGY� !u�[���
a2�
� ;#n(`��/�:���� 0��-C\��bE�R4I.E4�aE b;��Y�E)0LR�DCg��aE�R>�(^�a�Qi�iwE4�aE�:~n��h1Vag
�,`���ohA4
ag��W^��/�<d?
i�^hiw;0?
4Y�Y,
�' (66Y'?i�iw). ��Ja=<p<2x4"��?i��N<p�'

? 2 �Hf_<1�Q���2ÆS�

? 3 X29 �6<1�Q��ÆS�iw�^hb=
�JgC�;�YY6a�R4`x<6�1V�8f�/2�G6O℄�T�i��^hiwt<0�<\~O�bE�R1h�:W��	7�
���� ;
#3"��6O�;Hp
iwE4
t4A4�,*���u��,*���fT���,*�6O�&&"dp
�.���Z#�<\~O�3/ (,g��sUm���I), nY,t�ag�,*�G6iw�J�Fa|�n�'��6O��*a=(^�*i�iw}�~O�0"�-K�A'f/�:0��Y~O0:G�/&f/,*��r?i?�;a�Lr?i���`QG
��dq_ag�f/�
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K�A'�� ;�,#R�?i<Æ
�/��
<Æ
�/uh
�[30;�IR�0�0�Z#��Z#�G6�*~OZ#���Ma=<p�
A – �Q�iw���,*�Boltzmann (.(JU) 6O�- Schrödinger ()�Z) 6O�b=`	�`���dy�y#
uG6nnO℄Kv�> (�~T/���*H��D�� �0;Y^0) �5M�D6a�4IoT[S�d��/ E`-
`#^��n;9d^�
2. �����Tm;mz�s=�oIt (Y7-Y5) 7��oTa2nHoI�s= (10 ze-?Y{B) ���4'�G6n�d=a2dy�y#�o.��}�~�U�f%*�I�0�0pg�IN;���'��Sb�G:~�*i��iw�;9
�e�4

(G?YnF-7.�R�) r

�d?
��'�xShm
����y��*H�
8)Æ��'��
.y}$�J�'��n7!A�-�8�
/y�H+V�,���s=a2�vV�*a2�D�ii� 20 {BTb~K�*D Vilhelm Bjerkned 1V�&^%��4�,*���6O (voFd���4
) �
�n�}��R�H4,

.NE�W^�6O��v
���C��~�ohn���~*d℄��;Y
�^�-&�~`6#3'2G60;�o��bE���6O��44�v5�[3n�}��'℄�G,g���IG70;��I
oIR�Y (WRp6W&�dp67). m
�"R���~�8.�uCgU}� (N;e-0g��}�), -&Y�s=�/2���y��?YG�r��
�$"�H���?1�s=�'�'� (e>4{�4), G6bbz,�Ym2�e�'r
6
��Ya2��?
F�~b Lewis Richardson (�J��%�T) rl��&M

=�VG�Y��R0pv��n�}��
�?Y�4*M�%�T:~4�K�����V�aLzV4G7ih�s=�|rY�voXd%L�G�.$
�p
6O�{[�%�T�?Y*g Carl-Gustaf Rossby (�) -j�)E�M��) �ezQG���
`�%�T$VV�},�1920 zpDeZz"��&fMW+4*��Ie^��
�|�����Hg��&VV�I^ez0���4ZzAR D-Day

(1944 z 6 z 4 D)1)V�7�s��M��VI�L���*i�s�7�s��?
�G^�M=�0Cg�=�0tgh John von Neumann (x��C��BU) 
 Jules

Charney (:��v) 1940 zpuh��9�"��W�0+
�:~?YXn�
�MQ?A>�L�i�� �Y�Z�7�VVs=~�u��ns�id�?*�^�=�0 (ENIAC) Y  � 12	oVVs= ;�> 24 Y	o�C��BU
�v�},�?
�g4/hid?Y�*i��s=�G�{nvo���DD$,��?9�a|��'7�s��yp6/tg4�|rY�X4=�0�u�%$k
��*s=a��o�<d4^��Ok�)\�,q<�s=�%L<�{,
�G6�~;�<Æ<�{1V�1970 zp℄�=2�~�q<s^�VI�'gMh7^h���
1) D-Day, )+�1X[���0{k�5�V	�1!��l���G�K-�E 1944 { 6 {

4 E��V	�KH 7 { 25 E^�Æ=kN��Sb���K�j)Sd90{ÆbJ�{��R+5�l~E�—— �C
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'i���~�T`$��o4?�epG��
*n<Æk3�[�'�:G4;�*H��70�4O7�s�0� (ECMRF) �
ISF7.i�^?Y�
 22�_�̀ % 90�_�
��I?
=�IX��s�4?
A>�G�����Yi�^yp-�I9=�0��nx?Y	otVV?Y 107�s=�ns�a";E 6	o?I�~$ �oI�IFSi�G?YnF�R���7uVV 7.5 7���s=�> 4 ~7�s��?Y*M� ? 4 �1�ZB�jx
3. ��}�j��� 1970zp���s0k��r5�
p
��f
Y�r5p)4�,s2x�=;6v�m��=�A4�,*�k
G6=�0�u��n1hz,4w?k3�e&'W4,s�2x [7].*H�?Yd4;LM�f%2;HtkY�M$Y,�'��s0�rk�r5�9�G�bOT�/�{�r;�YLr�V��x
hype!�~,3<Æ (*H�af���P,s��Æ�8�4>_[Æ�#� A�=�/)��Q�,>��R-tR0A�o�0�
n,s%��W^�CgK��A4ag��W^a2�|rY�0,/X0�u\℄,s%�,s%���v,s�"o��4?u2g&{,>0�,>An,s%��W^�,siw ;�9��/�'��A4 (=;bqT – �D��6OSiw) 
ag (bm4,*6OSiw) "I�r>au2�E#�G6M$Y, :�6Y��'
tkr��!��Lr>a�[� [8]. nb;o�R4��,>0gM�R,s%�0;> (tk�0k�Ek) �*M? (H8�!"
:f) �\
? 5 >�1>��|�s�S�B7�����b ? 6 =�SN%Z-�2���Q�G6m��A6O$ n�v�i�_���"�'iw��A#* ——H�b�R'�Cg� —— AE'�&V��g������,sq<0��+An*
!A�8U;og���0i�Gn2JR0��,s0g� (!HF2=�R-qG�R), &&�?���A6� (*H�t4
E4?��r�R), -bhs�&z,d|
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.�0p��A6�g��g�y�A (el[{m0�0p) ��'0p�G6�d oI�y��M$Y,�0p [9]. �
,��Hh�R,%*�,
0��CR~��S��z4,>�,*'��,s%�O' ,AwICg�[��G6�Yq<HoI^
E
Rst0��Vk�Y� �
�?Y�r4
�Hhbhuk�=�0iw�s^&MR�u�-&�:�?YA3hl"��s��_��u4�d^�?Y���,��uRE
�Æ~O1d�4��~�iwqG�Rj"�Æ0�,A�a�~qG�R0j"�A6�,g�4�.!��u�A
℄4
�R�+* ,A�[��k&4
 Æ��kO�[��T`�+�.%L b=?3uhT	�qG�Rj"�A6�Cg�b2�j"6
�ud^�"�
�,s�K
Aa���k&I z4
�4,>�,*[��2xbh,>A4<p`o:�iw&�u3�k
��!w��Æ0�<�G:~iw�b= 0�,A(��3/�a|��3�'6/~rR4*�?6a�KRs=A*�> 7 ~
℄n���,sAiw<p2x�n��n>x� ? 7 �-tBjx7�p>3�Æ+>�
4. ��tz� j���*i��Y^0|h<Æ�!u-A*<p�|rY�:��i�
 0i�^h?igFC��AxFpd�#z�S&fs?\KRgFaO��*
�Cg�bE���&e<�uZ6a'*�WB*�l!
4r�+hw<4r�=�A4�,*#z��?i
b=?96OvNJ0qvIoT[S�s?96Ov!N-0~�* / �'i�Y^�Q?<p�r�Y�
��Nh
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EPEL �2x	S
d~?Y4�d5�p'�~rAKz
9 Alinghi $� 2003 z

2007z�Z7��%{ 20z��0;�b=B�7puh�,0;�G�1�℄4�.�℄` 1)
Ck�Hh0;�;��G�F(H��8s~T	�r`BQ<�G�M℄;0;�a|�V^Oi%a�℄��<~Z7�#YZz��laDD Jerome Milgram� �“Z7��B�;/℄4�CkG61�b=;4�o:�?��℄LuO℄ 1%���R,�'y�u�2
~,�#k 30 d���`}�” R4`�℄��u�d$;
oh��℄5O�A4�,*6O�;o�HA
/�'��
9!N0�0;8U�Y-�3�℄*D��'��";�HA4��W^ (�
��) ��,*�-&<$"�HagtU (℄4��U�1�NS). bE�"d$[Nba (�
���^Za)��G
�,*< ;o:
iw�?YG���*i�$ �H{��f%a2�$d�
6a�n�~nb=�?}�,V ℄4�Ck
MU�T`i��

? 8 2^\5Z�1!�2 ? 9 �B�tp>27oP\26P�B�%�
�A℄oJT	�� Ck
MU�R,&Tn�1Cg��,��*|# 0;�,�k�iw��9�O℄4>^�<`x4:GW�n2�i�^h℄i�5
A��5$ ;�oI� b=�℄ (�;�Y) 1V�Y��℄�iw� ;W+;�i� —— nP ; 300 Y982a�IQ��℄ —— e&�℄�$dgU�)a_WQh���IX�s��G:�>A0pnAA0p"I�~��<Sb�Gg�E40p�42IX�?�;^0�0"��A�qT – �D��6O���
A��,*G6�Y�Nba�Nba�G���" ;%E��G=�AAu26�	Q�J�6O��
6Oe/:$

V"�v�wv
�'℄�m�
 ;VI���$Q�6/��Y6/�GX?Ye-Ta2E�M?Y�ns~d|T�a2�/hd|42Xv�Æ�=����d;�HYW�2�:~�a2�
�s^-��/��
64 *[%��-�=�
*YgM?YI~ 160 HYW�2�iw ; 24 	o�`k?3�=�`6(^A4ag�/ A
1��,*��W^�iw��
iws�b=B��G�X
��nQ�
&A&[%p
:ru��`��u�
�bE�:~iw1�℄"I���,*��W^�[��A℄�G:�U[0p (b1�℄� Y-z,�℄A�0p), A4�>�G6b����W^Cg�AAb��?,��e&
1) ^a�^��5�—— �C
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<,� �ÆDd^��n��
2xn��hb=V?�℄�'�dZ7�
9$"d� 4 30��T`S��(�����R,G6;#���
 hO'wNa|~$;��oh�"2x$ ��*a��?Y`dI�
�X�t`℄V�
5. �!
j
���Z7�b=B�Æi?Yb=�O' (G6bbV��$db=��) ~D�4dN$8^�(H6/�~/h��s=6
 (VPP) �s^�'�G^�Æi�B�w��A,�
�[t�℄�
L}�℄�
L}��'s=�G:~iwW^h℄����,
A4�,"I�
�,��*H���aY�?Y
`���8U~:~lE� x 6� (n℄�6�?,) 
 y6� (��aYn x �Z�6�) 1Y,�
�G63℄0�~)Æ,{�
�&,���

Dh + Ta = 0,

Sh + Sa = 0,

Mh + Ma = 0,

(1)�0 Dh ~��R, (3�~6�), Ta ~��C,�Sh ~n�~6�`%���<�,�
Sa ~��<�,�Mh 
 Ma ?+~3℄
�~�A4Kuo,{
��)Æ,{��~6�n℄0�~C[ βY KR *' [���C,
<�,�G
WRn�~6�
��9�q0��h,
R,�?
���h,nR,�M�ngw�A�
��9�q0� �'Nb�<�G,�?
"��
�6O�

Y

X

Y

Z? 10 X_�^5Z�-Æ|�6
 VPP 0�6OS (1) 0$d��?+~℄��)Æ[���[����q<Nb�
0;,"I�v���W^oq�G/h�~�0;�v&,��r5a|�%Ls=�
�'iw�V�=�A4,*�W^~1d0;��8UtW^h℄�,�o:i=�e&1Vn℄��b=�-�o��4�us=�����
a. �oe? Ω )x
℄/
�A6O�OT=�0p�L Ω̂ ~O?℄4 B �0p��=�0p~ B oh Ω̂ �i5�8 Ω = Ω̂\B. �. B MmA�6OSB�h`� (-:�
)
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�0�0"qT – �D��6OS� h x ∈ Ω, 0 < t < T , ��vR
∂ρ

∂t
+ ∇ · (ρu) = 0, (2)

∂(ρu)

∂t
+ ∇ · (ρu ⊗ u) −∇ · τ(u, p) = ρg, (3)

∇ · u = 0, (4)

ρ ~ ('��) `��u ~��E�p ~0 �g = (0, 0, g)T ~4,E���τ(u, p) =

µ(∇u + ∇uT ) − pI ~Y,�2�µ )x ('��) ���Y�6OS ;ME�v�Tu8U
&e8U� ��
℄?

�H�AI&e[d℄�����a�'�w�
,�0p (flat far field) t�NbaY'n��
℄T�5�,�0�=�p Ω b1Y0pSM�ST�� Ωw G6ST���
Ωa. ?$ Ωw 
 Ωa �ea Γ ~ (W�) Nba�H|/�I�<�H{� �'�u~0/:�*TA��W�`� ρ |rY)yR1YG�G+�ρw (� Ωw 0) 
 ρa (� Ωa0). ρw 
 ρa �'B�hA4�^���y��i�0^��CR~G��A4���
µw (� Ωw 0) 
 µa (� Ωa 0) ?+~B�h ρw 
 ρa �G��6OS (2)—(4) Sb�G�R?Yb�dG�`� ρw 
 ρa G60;���q�
µw 
 µa �1Y0�)��0�0"ASM�*�A�,
i����6a�Qh�'iw�
℄�GCR6O (2) ^h,�`�� (W�) eaY- Γ, ;�X (3)—(4) vM1YMp Ωw 
 Ωa 0qT – �D��6OS�?Y_�q<[%�� Ωw × (0, T ) 0�

∂(ρwuw)

∂t
+ ∇ · (ρwuw ⊗ uw) −∇ · τw(uw, ρw) = ρwg,

∇ · uw = 0,� Ωa × (0, T ) 0�
∂(ρaua)

∂t
+ ∇ · (ρaua ⊗ ua) −∇ · τa(ua, ρa) = ρag,

∇ · ua = 0.
℄F? τw(uw, pw) = µw(∇uw + ∇uT
w) − pwI, τa(ua, pa) "�
�M�Nba Γ ~ Ωw 
 Ωa "I�?Y*lea���Y1Y���/�?2 ua · n 


uw · n �;�-&�bh1YA�~0�0"��$�?2<?��?,��9�
℄dta�}�8U�
ua = uw � ΓZ. (5)bE� NbaYA4W^�,~
����~Y�,*8U�-&LXI Γ 1<�/�,n	���6��3�&$�,�n	n6���;�

τa(ua, pa) · n = τw(uw, pw) · n + κσn � ΓZ, (6)�0 σ ~ Γ ��2q��'~$�
W^hNba�NbatYrYH��,��~>4�?Y�/�B�h^�
�'S��(6) 02 κ ~Nba�2J�κ = R−1
t1

+ R−1
t2

, �
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0 Rt1 , Rt2 ~3n (n n �Z�) Nba�$�
aY( (t1, t2) �2J�v�
b. � 6-DOF ("�l) q
$uhk~�Æ℄�
t��a-/.�℄��a�k�L}7;n��u�o�/h�YuS�1℄b=s=�Tuk��'a�Yv�G�H{℄�}��� [2, 3]08^�6/0��H1Y�Z���'9�q�?Yu�9�q (O, X, Y, Z),'G
�℄���D��>?Y~�49�q (G, x, y, z), u
�℄�/� G,  ℄
D
'E�u�9�q� XY 
an0
>���a
��Z 8�Y��49�q� x 8e℄=(�℄V�y ��8R℄fv�z 8�Y�Nb�R 6 �℄��,*,�b2?u�9�q<0~��2n[�2�'B6O���Ht�

mẌG = F, (7)

¯̄T¯̄I ¯̄T
−1

Ω̇ + Ω × ¯̄T¯̄I ¯̄T
−1

Ω = MG, (8)�0 m ~℄�/2�ẌG ~/��~�E���F ~W^h℄�,�̇Ω
 Ω ?+~[E��
[���MG ~W^h℄�, G �{�̄̄I ~℄oh�49�q;Y(8�u��2�
¯̄T ~�49�qnu�9�q"I�'#{� (�S [2]).W^h℄�,
{btavM℄V

F = FFlow + mg + FExt,

MG = MFlow + (XExt − XG) × FExt,�0 FFlow 
 MFlow ?+)xnA4��W^�,
{�FExt ~E, (*H�GCR~AW^h1�,), & XExt ~�W^
�
c. p – n�v#�oe1��'~bhA4}����0,Es1)aCg�'�&�3~���415O�AE�e�*�[���z,��?YG�`� ρ = ρair �0�0"qT – �D��6OS (3), (4),
X1�'iwMk�'�?Y*_u��,*6O�_�q<�̀ �4
�$�H�u�ag�4�b/&f/,*�pÆ���I�.��H?Y Lagrange (�X�D) �G�H| Ω̂s ~1$��9�*T0p���.6O�G�MHt�v�

ρs

∂2d

∂t2
= ∇ · σs(d) + fs, � Ω̂s × (0, T ]1, (9)�0 ρs ~f/`��YD d ~�IY( x ∈ Ω̂s 
oIY( t ∈ [0; T ] ����σs ~t4Y,�& fs ~W^h1�E4�� (�
|rY~bAElEh1)a�/��,

τ(u, ρ) · n). |rY�Ω̂s p)4;o��VRagi�0?4?�NS
U�`n� (de
0/:�) 0p�̂Ωs �&e?R ∂Ω̂s, [0, T ] ⊂ R
+ ~
℄?i�oI0I� �v�Tu8U
&e8UG6$�Hf/ (�MR σs(d)) �v�?Y�g6O�YDE d :
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~
 (9) �M�v=��{�
∫

Ω̂s

ρs

∂2di

∂t2
(δdi)dx +

∫

Ω̂s

σII

ik (δǫki)dx =

∫

Ω̂s

fsi(δdi)dx, (10)�0 σII ~� 2 Piola-Kirchoff (��� –/).E)Y,�2�ǫ~ Green (X9)–�X�DY'�2�δd ~4y!�'��5���� 2_�8UJj1)aY1Y��E u, ∂d/∂t/&��
d. �
ys$u�m�H�af^��_�~O�A4/
O% (�I1��-,�0,E) 
ag/
O% (�I0,-�{��
ag�') "I.!�p�%{bh,
{k{GZ
��ag0��'��[%�'�iwo� oI�Y?3��$ ~��e&��;�VR�0�G+%7 oI4��>?6a�?Y`��iw�G���R�e-oI3���'iw�s� “`�” LXI�r (0`�) 
 oI�?3
��`�v
�
℄�G�M1YKR Fluid 
 Struct ��M?+)xA4/
O%
ag/
O%�0+
�Fluid �G~u/
0�0"qT – �D��6OS�B�O%�& Struct Yu
�?Y"ka2�H|d�u�I?Y�v�:~�i�G�HK��y��!H�bh$f^9z,�ag3Y�0�
a2�G^���M4�S$MHt�

Fluid(Struct(p)) = p. (11)?Y/
��/�GHtb=��℄��?3�p0�W^h1�0,E p �Iag/
O% (Struct), �Cg����;�6������E�;���
2�I{A4/
O% (Fluid), Cg;?YW^h1�0,E p. w;�“�” 
*��0oM+��{�0�
�p�G`wv
4�MHt�℄�W^h1�0,E pk, V�
(Gk+1,Uk+1) = Struct(pk),

p̄k+1 = Fluid(Gk+1,Uk+1), (12)

pk+1 = (1 − θk)pk + θkp̄k+1,�0 Gk+1 
 Uk+1 ?+~� k + 1 3���;�
����E�& θk ~�v�E��9��nsT2n(~}�?Y:`�iw�A4 – agO% ;}�?
T3�`� G,�?Y���Tu8U�`�}�%{,��0�1�G
AE��0 “�0�” L8:rg�' kc, s� (11)  BL k > kc (�℄��,
 / -YDG|t) M+�v}�`�iwo;/Y 1���R:�e&#℄E 4�08U ('w��0oXd��).�
�4RqWv}�oh�'iw�`�iwo�0`�?
 (w;*d�9?Y
3\4`�G+�f%
).���d{�� (K)
(&+% O ),( 
 )
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