
��r� ux^njX475N���
1. Kepler :YA Newton :Y�Z Newton (&�) se.S�%���3_\�g�/;o�z�Kepler (<4U)�z (paradigm) X Newton �z�\ Kepler �ztDM�7K�o (data driven) ����U
:M��7o�^4d���k�.yo℄����X�o Kepler }x�o\�b49j(2\i'se7U��o Kepler �zxE8o℄u�\ Newton �ztDMuGw(�QYo (first-principle-based)�����'�$�kv,X

Ko|$tX
',�Mo}\ou�QY�$Uo℄��Y|\Y�:M Newton, Maxwell (�C�J), Boltzmann (+
��), Einstein (�6�.), Heisenberg (Oa.) X Schrödinger

(�})) o7&�*k\XR�({$Y�b�o(2�$?Zxu��7K�o��#�<���Xv9�do�d-.EM(�?bo79�*\hk}ue���Dzo�g��G��X
hk}u�boQ65�D��Dzj�uGw(�QYo����o�\��u�o:�eoY#�\Y��A7�B�n�w(�QYo�H'K�o� 1929 $h�`�o�^�(2Ax�[; Dirac (tQC) �D [2] o�#�Djh�`���Gb	�7FX2�G�\Y�NCo�R���X
�e5-.Dj#$ow(�QY�g��5u Dirac %~Lo(#���h�`�o��W5�y7%Yo�N�x(�*�(2	6 (many-body) W5�	
(2z��W5oN�5

j 3. n�X
\uGw(�QYo���.���oN0�*�u�o�g/���u?o�6W\u��X
.�
$�;�1X��oY|��� 
ps��	o�e<�o*��X
&Loe�/(\GPfj�1X���lD"LoA��XA+{��:?��o�d%��o�on�BG\Y�ow(�QY�?-I��F (PDEs)(�o�-I��Fo�^X�|!�\:?���e7j(2��ouR�2)�\e|� 50$ek 80$e6��7�'�^�o�#:u�W5�Y#*
�bo���Mn{u�W549\YeokD�#�(2��`7UoE8℄��u6`��u6`�/(�-I��F�3o(2�$K�`�u6`��3\^bF�e-.EM(2�!o��%�7�dLo�|!�oE8ou7��n{-I��FX�|!�o�3\:?���-.EM(2��oÆ5^	$j�*C*'7XR�(2rVoqN�iXl�
�b�}
*�yo�3os�X
�^�Æu/w�X
ÆG “ Courant5��Notices of the AMS, Vol. 68 (2021), No. 4, p. 565–571, The Dawning of A New Era in Applied
Mathematics, Weinan E. Copyright c©American Mathematical Society 2021. All rights reserved.
Reprinted with permission. �K��pL'm
J5TM�
B�
Weinan E (�O�) ��K5o��
�p���
�)pCpv}� weinan@math.princeton.

edu.
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(IT) zo:?�� (Courant-style applied math)” op;�S`n2V#�?SJ)G
“9Jzo:?�� (British-style applied math)” o�gl���Gu6`��9JzoTSo�\Yo�<`X�*Y|�7q	 Taylor (,U), Batchelor (�CU), C. C. Lin

(n	B), Lighthill (R2

)qq�/(�Pbo:?��	�%�(uoY|u6`�	�b	%�wl(
(�/�2)���|�!X�1o�^�Courant zTSo��|�!X}Y (“}Yu�l”). 7k���$5�o-I��FX�|!��A?o�Z�!�A.wl^	~_�!2�\YMF���%Yo��D�!U
^� nS�(
�o({q	�℄[ von Neumann (� · ()�), Courant, Friedrich (!ZmZ
�),.{ Lax (QC�), /(�Pbo:?��	�%�PboT^��	�ng2�)oA6/X�WM�:?���$bos2�nMu6`�\�2seoÆjuR%j&e�t<o�7K�o�3�6�<��$�/wMjt�Q6�zk$*�<��(z����^G:?����do�*C}ue��^G���(2��etl:?��EF�P<����S�o�z�*{$4Dj$H)%o
n�n/2Q�:?��$���7K�o��,�M�o���Ze|� 80$eb6<y�#�x-X�%,w (compressed sensing) o�37&��VX=�QY\:?���e7j(2��o[+�}ue��7K���o:?��\MN 30 $�-.EM:?���$->oqNx(�n%/2Q�u6`��-I��F:?��L(E8oqN�}ue�({Uo��6`�%�(#E8o�!2$�$o:?��E8�℄x(oDmP��S�G�6`��r(2E8o℄���|n�e��#�$== Matlab D	u�5wl*oG�<sj�n2�fl^A�
2. “Courant Y8vy_o” 8aD/�o��\Xn(eo “ Courantzo”:?���u6`�oÆjXE8�o�GvO�4Lo6	o�(�8f�-I��FXu6`�ouP�7&-.BX
x=o�eU3iU�X
qh$%o$��QY*toW5�℄[?u�$��Nq��oqN�}uu�nÆl��N�o�6/?�%�:?��\u6`�eo��E8j�u�e\u6`�xb� Courant zo:?��-.R,k^	7(o��X7F����℄[3k���i��o\��l.���u�X&Y�snj^boE8�g�(�S��\n{qN�oE8�l`/kX
\u6`��=ko�1�X
o:l�}R ��g*
IvG�)zo���%0zo�6W�MQY(
��oW�W5���	XZ'lFF/n/H�Gpso�/A?F/sUHKo*��n2FM\h�`�����`��[_i���`� (coarse-grained molecular dynamics), i��:�3�%Yu6���A�����Lk�h��"<X�`��?u�"�H�W5��-Hhq���%_\�b	� ([L/�O2) n{W5oW�N�\G*
�(e�-NW5�X
�N�Z� (curse of dimensionality) 'NT�
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�Ge�lLob	�W5�-N��W5o	G���o"L��	G��	\Y���or�dSj(�
G�:M�xG�eo/�$o�B��\(8�U
:( =z x?6A?oIG����MX
,�MoaCG�MF4L6-zo!��+D��D
G�k�=M��	G���oE8�Dmo�Q6[h�
1. IG���*
�jFF/���A?o�℄[�\�3mUPd (crack propa-

gation) s�X
.�x?���`�&MIC���g�n{���Gh{��MFo�Q�:��|nj,o�
2. +D	G���Abb�f'
oIC�"H��g*XBLX
�=o `�

3. DVogO{He�N�}FoW��X
QY	%hR�oDm `��n<U�v9�dA.�m&?ou��:M49*�	%hR�o `�x=�WM/A o}Fk\%ny9A ��\v9�dx=� �HiQY	%hR�oqN��|w��\<�\Y��X
�dWMX
�!��D2%hoR�w�o `�Y'iRo��H�j�2knu�e�	�j/8�n�B	$S�do�2;}!� (Monte Carlo algorithm) X�=�%�� (variance reduction techniques)xxEMA o�(x��KuGE1o!�
([ Simpson (~4a) �b) /;��2;}!�o�b�yKN�YB��*-NR��(t6N�oV℄�v9�doE8*/�Z0o [6]. +Dl.E~��^4.=5��kj�zk$*4Wvk*
\�*	%hR���oO2>`�R��\^�os���X
-.=k\v9�do��h�\�2A6_\oW5eLno({j�oE5�lD^	DG\/4o�SLk��v9�d"Zk:?�����Z5�e)%ng	���\h��X
�0|({96o℄�S��n�����!��"�v9�dXT��>oo<s�
4. ?
L}PQAT`=;2v9�d\���!�$^oE8:?x(��-NH�W5ouGk��do
(deep-learning-based) !� [5]. �i�^D2��2k(2W5� “N�Z�” (V�B Richard Bellman (�
�) \�-Hho�/h�X4Lo [1]. }ue�Bellman �FoN�KH�W5o�-G�oN�o;�[LX
�H�(2-I��F,�M�
Bellman �F5�YmNo�n��m�j “uGw(�QYo” H�|o:?��	u�W5/n/?2)o�iS#:�5u�h�	6W5(#�\"kH�oL
��$�8{R� (optimal policy function) ��-oR��[L?l.E~S6�in28{R����#vH�Xk��dx�5Dj(2��Uoo���H�W5o�?R� (cost function) �$rR� (loss function); H�W5o�`e<� �k�7=E~ (deep residual network) o�`��-e<�o_n� ��e�7 (training data) o�`�xX
 =x?#v3�h�!� (stochastic gradient

descent algorithm))��e�Djn�uGk��do!��U
A.oi�HuQY�
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�m�6-N�o#vH�W5 [5]. *%�PdkQ}�H�W5 (deterministic control

problems)[7] X(��n�*\�-I��F�n{!�MQYku|$�oH�W5X-N-I��Fa<jb	�n�(�sU��o�oA ��*�o<s (*C\��F�e-.<s) .���&Y��XJ�X7(�	���
5. DVog>�ES\\Y���X
dEGuGw(�QYo���n{��/(�?�KG��C�f����Schrödinger �F�(2^Uo℄��/�o��t[=�'~Lo�x?n{��#:u�W5A �(ty7N�oV℄�BGn2Q6��H�i��(z�\Y�X(���o(2>`Æ5�R��t[X
\?u���'.\o�#�[LX
/5?pso2)o*����:�^�nkn#o�i���v9�d-.%U��b`u4pX
�dn�uG\Yo��o `�nA.*C-.\�o�. 3 �/;o�z�w 1, *49j ��	G��"�rEoolPro79�w 2, *49j(2Z�7z �d��oL
�w 3, ���7;i (data

assimilation) on�*A.49(2�zE\Y��XC9o"Zo?D`o79�R��"Z�7�(n}�<�A#�oXotA?o\Y��b���/;or(�}�SX
�i0|(hA#�� (interpretability)oW5�	'
w�v9�d��D(2 “℄[�” o�n�nMx?v9�dS��<�\Y��`Ej�Yg
�MjC�n2g
�G�2�A#��%:(Zo�o��SY#�.:6�`�o Euler�FM℄��F�jjR�A#�o�6M*
�e(�h��hX ho�`�g���-�Fof!��A.�#�5/��B�j�}ue�G%Y:6��-�FA �.e�o�zLko�*S�Gx?#9;|ou!�7�n{#9oe���A.�#��*/�X
otB�oW5�;#oQb:(�?GuGv9�do���"Rn{��ou�L�x:(�A#�o�5u:6�`��o�`}x(#�g)\n{��oR�o96�z*/�#��A#�o�n{R�:�e(({<EBe�5u:6�`��o�-�F�k\�kA?�W5e�YrFMh�X

GX
uGv9�do�� =u(�o\Y�� ([ Navier-Stokes (�N – �AC�) �F) (#A?�.`k'Dou��o�Mjukn(x�Dg�}��B�$o�w 1 �uGv9�do��#��!'Do\YT��[S�G�D�X�`}xoT��w 2 �X
?S�e��o�7#�!=�'�.H�e(u�Oko'D\YFM�BG'��7�d����
Io��a(2�xF9De(�oUo�7z�<�n���o(2���$o#E2��X
�\h(!�qf�n(x�n{r�-.E8u:?G^	W5��O���`�Xa�:6�`� [4]. \���`�oF��v9�d:MK-� �!o"Z�xn<yso-��"9D�12Q�oe<EMA �4-j 5 2�h~ [4].
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n{�o�d-.oisU���gv9�d"���o<s�\W�Go\�X.��oqN�,�$k�\n{qNuGw(QYo��^N��\n{qN({sU��o)dt\�o��
6. DVog8kWqv9�dK:?��o"Z%dSj({v9�do�vo�nZX
0|g2�

6.1 ,l (concurrent) CUmf \b	�R<ov9�dF����e�7$��}ioEo�$����C<nko�iv9�d�:?G#:���!t�!���oW5s�FM:�/�n#o�\n{F�h��e�7:��}soEo�K	G���%(2W �\	G����X
57	G����}ioEol�}soEoSJ��Æ (sequential) 	G���X*� (concurrent) 	G����X
�n�v9�do�zDM �	��
� (concurrent machine learning). [;=�'=ko�oE(2$xg9De(�o�7z�*�v9�do(2B�W5�MW�X

$(2-zo1�S/&�-G��*
$(2'�S:}(2�Oko�-��:(�'��(2℄�� [4] �4Lo EELT !��
6.2 CUmf6 “Z9” +\ Nj�sU,�u?boxC�uGl.E~ov9�d%�oi℄℄o —— *o� �,uL:G���oB6� (hyperparameters) X�e!��\�	FMh�6�o{sXR�(	/��+D#�.!owV�n�FMt\V1)d�2�Q6��\v9�d����X!��\W5o(���f�>x=<�o�5�r(h�[LX
/}i<�-I��F��5�=�\YMF)����o�ot��}ue�(<y5D(2-I��F���*Q�(-I��F����}o�n�X
\ Courant zo:?����ko$�$o(E�nx�j(2W5�X
 / (�Lv9�do “�}”��	6G��[LX
Z/ioa�(�<y�Rb:MX_iSsnu?o��X!�����GB6�o�a�7� �6
V����n2�w�[3] �-.%j({K1o?��DMo��

[3] �7&o(2#>0l.E~���oi�RX/A$Æo�6M$�foa���XX_inko��l.E~��on�t���z�+D[W�n�QYv9�do�zQu>oj�o��X!��6�$o��*>[X
N�hw(�QY�*W�X
\l.E~��g�xC�>�\=uQY�A.hk(2^*oW �5�N_ (denoising). '�oN_���z �-�i�oMz9:?k=ue�=o�ot��n�����Dz�2)�Dji)ouGx-oMz9�r(����|h(2N_o�����:��.(2a�%�W5o�z�RbX_i�?�i!�#:X_io�����oMumford-Shah

(� m – b\) X Rudin (v|)-Osher-Fatemi ��5�n�����o℄��U
A o�,n{����otQ��gD(2}3�Qo����S<yjRD7�~�(���*���=uQY%EDMo-I��FW5�*l\xU
N�>=uQY�
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bou�QY�+D��n9n�DLn	f)d�
G��n��o��Y#X(�/(D�G\)v9�d�=oE8�*Cl �7E8Pdk7(G�o���!2�v9�d�BGR�*�o����(2��u�oW5�=D\-NA7Dzo({X�*R�o�����F}oD�b�G�o<s�
7. ?
=e/(�:?qNo�k<s����j%o,�k<s�2)��^�v9�ddSj(el-N��o�^W5�Z�*R�k�**y�0��`e<�.{H#-I��FXW� Bellman o�F��3n{W5�/A$Æu>o(2���o����-N�^�\n2�ve�-.\����k��o(2qN�-Nw����2;}��o�^�2)� Markov (�
A�) 
�2;}���\oiAos�Z(z�*y|X��\Yo(2rVoqN�w���^�$u�oW5�U
A.5R��*y�0��`e<�%��X-I��FW^	6
-~oW5�℄[�(2�$oW5�Dgn{�wo%Y��\(2Iwo:�e�%Y�:(B4}�w��fou��w'*�o��S}3�℄[��GR��u��wA.�	tz��.	tztl.E~��G*y�0�u��wA.� Gauss (-�) �0oqZ�.R�o%Y�M℄�.yu�n�:MFf� (}R�A.�I�	fX)%ko��	R�G�oq~���in(�w}3o� [ Ck G��Sobolev (&.l�) G�X Besov ()&�) G��\rNF��n�^DlYo�}ue�U
A.u��n{G��oR��.i*
B�Wu�R� ([�.	tzt^�R�) �*so�b��M2qo�n�W�o"L�DN�Z�o�}ue�USUEOo��uGFf�o*%*/�_h-NR�%Y�otQlw��X
:(:M�� �(2}oW�l.E~o��S-z�*S_h-NR�o%Y��:Mn��z�U
nkj[oW Hilbert

(

.2) G� (reproducing kernel Hilbert space, RKHS), Barron G��	:G�XuEj (flow-induced) G��7��(��K(W2}ov9�d���RoB���-N-I��F�	(2�RoW5��X
��A.Me�R�G��o�{W)o-I��F�dL(2tb�Y|�[LX
 %k�n2Q�U
:( =x?o:ov9�d��S-zu�*n{-I��Fo#�n2W5�G Hamilton (N
�)–Jacobi (�3 )–Bellman �FA7�$�
8. vy_o�bsR0[8oJ:?�� �EM(2�Df��2Æ$#E2�o<(���5uT���#	X
 �D(2ZYo<(oEFS+":?��		n{W5A6.S(z�.#:�n?MN�^�j�isoFM5�/E
�(���:?��oQ���	#io��
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dh{k��X7Fo�(2����H<(�X<(oEFY,�(t�8oV℄�r(���℄[v9�dn#oÆ$#E2�\:?��W��oPro}u�2Q�*l�D��U��$�r(h�[L�De��T���o�t�#��FM-.)%�#�v9�dLk\=/��:?��o'DÆ$#E2�k\�-kR�n2Q��:?���G��UEM(	E
o������o��o�v���Lk�gDYBo��u�$��/oDbo)%�n{u�$���(uGw(�QYo) ����dX!��
8.1 tw℄m6~r�/-< e���^��YXB2<EjT��oÆ$#E2���G\Y�S��*
�.y`��<�`��zU�Xh�`��:?��oÆ$#E2��t�	.h�(244�**/(}�n2W5o$������)(10|o(2L�x�:?��D 3 2Æ$#E2��
1. uGw(�QYo���*�O (\Y) ���jX�n{��o�^79��fu��=l�BG\Y��bl�BGI��Fo�\Y���boQY�\Y�ou�}xXQY�\Yi} (℄[�.yol�h�o�E�Æjol�M�"!o), %�QY��`x�qq�n{w(�QY�.%�W5tI��Fo�z(�o�6W�X

$�^79SQYn{��W5��*��A.����W5o���*4IX
|
o�<`��1o}YA.��X
�}F�^\(2ÆuouPe�WClA.)(1�EO(W5�
2. �7K�o���k�=M���7K�o���$�$o2��v9�d�g%�O<�X�7 ([=u) QY�
3. !��\nZ�X
����DBGuGw(�QYo:?!��FDBG�7K�o:?!���Xo��ng2qNo!�D^	;;x�(2℄���i!��*
/(\v9�doE8�b�mj6!D�o&?��	uGw(�QYo���(�M
$�i!�o%�W5�
8.2 K1�Fz b	� ([L/�O2) (ub��DoiE
oT����X�3oEF�^fDE
o:?��EF� n6℄.o��\�{FMh�:?��EF�i&(1�AS���/�(2<(o���(2℄�� “����” EF�"Rn�:�(	:?��ouP\	EF�g*FF�i&(1℄�S���D(2(�os6=u�E
o:?����EFoP��:?��o(2$�$og
�6M*"
jX
`7$DU4o `��Qj:?��oÆ$#E2��X
k\A.M:?��i�(2<(oEF��Ru�n2EF.e�0|o 3 2Æ$#E2�M���X
�$u0|(h�22����Dg22����o\YQY�.{�^n{��o��79�=l[�4�
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�	o\Y�uPwv�bl�:?�^��O�I��FX-I��F�%���*y�0�^��*�^�X#v�^��(2�A.B($AoEFS$+��doto2���7�^�*Bv9�d��7QYX<��#E�-.D�Z:?��	o�7QYX<��oE
EF��v9�doFMb/;�*℄�u�.�Z�!v��	o�z)���o�X

$(����7�4��	�\n(xe�v9�d\��o��l/�(2E
o���gn�FMt\��)d�X
o��(2ZYov9�do��%gEF�^K�<�LS�*A.&M(2(�6oEFS�	�!�Dg22���a��wo!�X�X_�wo!��=lB��e49o�|�^EFQ+�blB!� / X_��EFQ+�:�\�!v��e�	�Djv9�do�d�ng2�t\ k(8�'..(�6<(o�zS�	*
����$o�<�'Dn{EF�
$bho'`�gX
:(*C =xxuk�
9. vy_o�bMoJpG8B3Djn#oEF�:?���EMJ���3ouP�!2�����dX!��'DY|J���3ou�#E2��e�:?��EF�D�Ge<i��oo�eXJ���3t�o#y�[LnEMku�n��J���3\weo(2�jx�'Dn{�
$s���i�X

$ZuPo}F<y��$D�oo+��g\X
Dvo+�(
x=�X
#� =`7(
)\:?���X\4n��ij
20 	$o�R��(�}8w��kD�5��|[Y =`7U4�Xk\o��sX���,��:?��%D>`%kn(x�:?��9D'D�$D�o2)D`7`oÆ$2q�W5o�f�X��� ([v9�d) .{n{W5dSo8f ([?u), lD(2
CoUQ��*�:v$sU��o��X��o��doÆ$>1x(�X
\�3o:X<y=kn�%i�\��we�Dg2s6�:?��o<s$b�w 1 2� Newton se�\W6��U
Q}��:(���oM��w 2 2� von Neumann s6�\W6��U
4L�|!�:(���X��x�oÆ$�f�k\�w 3 2s6}�kS�\n2se�:?��o'DÆ$#E2��-kR��EJ�����3ouPXsUx�o��S�ouP�not�(2sUx�ose�SX
(8'`�xxEMku�|i ({) .Idh
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